The complex potentials representing flows around a vertical plate semi-submerged in a uniform stream are derived in analytical forms by the reduction method. They are composed from the regular solution and a weak singular eigen solution. The linear combinations of them represent some flows such as regular flow, zero-vertical flux flow, flow satisfying Kutta condition and wave-free flow. The wave resistances of the flows are also obtained in analytical forms. The analytical solution obtained by Bessho-Mizuno(1962) has a possibility that it does not satisfy the boundary condition on the plate.
Introduction
The purpose of this thesis is to find an analytical solution expressing the flow around the vertical flat plate semi-submerged in a two dimensional uniform stream.
The water surface condition is assumed to be linear.
As for the analytical solution in the two-dimensional linear water wave problem, a solution by Ursell 1) about a flow around the semi-submerged plate placed in a periodic incident wave is famous. Ursell found analytical solution expressing local wave in the form of integral including Bessel function and succeeded in obtaining the reflection and transmission coefficients by the flat plate using modified Bessel function.
On the other hand, an analytical solution on the problem of the present thesis was reported by . This solution is a form of analytical expression for the solution of the integral equation derived from doublet distribution.
It was stated in Bessho-Mizuno's paper that the function used there may be expressed by the Bessel function of the imaginary variable. However, it is not a easy form in comparison with Ursell's solution. Moreover, as described in Chapter 3 of this paper, there is a doubt as to if the boundary condition is correctly satisfied.
In this paper we apply the reduction method 3) to this problem and obtain the same type of solution as Ursell's. This solution is similar to the method of Bessho-Mizuno in using the reduction method. However, paying attention to the fact that the solution of the reduction method is not unique, we succeeded in getting solution satisfying the boundary condition correctly. In this thesis we call this solution a regular solution. In the regular solution, the streamline passing through the position corresponding to the reciprocal of the wavenumber on the infinite upstream water surface reaches the flat plate surface.
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Next, we showed that there exists further a solution satisfying the homogeneous boundary condition on the flat plate, if we allow weak singularity at the intersection of the flat plate and the static water surface. We also showed that various flows can be created by varying the strength of the sigularity of the homogeneous singular solution. It is possible to create a flow which is called a zero-vertical-flux flow in which a streamline passing through the upstream water surface reaches the flat plate surface. Furthermore, it is possible to make a solution satisfying Kutta condition at the lower end of the flat plate, and even to create a wave-free flow which is symmetrical with respect to the up-and down-stream of the flat plate and generates no subsequent trailing waves.
Finally, by comparing the present solution with a solution by the boundary element method, we discuss the possibility that solution by Bessho-Mizuno 2) might not satisfy the boundary condition on the flat plate.
In this paper, we only discuss the representations and the properties of the solutions in a boundary value problem from a pure mathematical point of view. We are not considering interesting matters such as wave resistance and momentum loss phenomenon due to wave breaking or eddy making etc. to which the singular homogeneous solution is related.
Reduction method 1 Regular solution
We take the coordinate system as shown in Fig.1 . Uniform flow is assumed to flow in the negative direction of the x and the depth of the vertical flat plate is a.
The flow field is represented by a complex potential.
The linear free surface condition can be written as (see Eq.(20.3') 3) )
where ν is the wave number and µ is the virtual friction coefficient (µ → +0).
The boundary condition on the flat plate can be written in the following two forms.
If we write with velocity
If expressed by a stream function
The purpose of this thesis is to obtain an analytical representation of the perturbed complex potential w(z) under the above boundary conditions. We use the reduction method 3) to find the solution. If the computation of the free surface condition is applied to the perturbed complex potential w(z), it becomes a reduced function like socalled local wave which does not have a wave term. First, we solve analytically the boundary condition that this function should satisfy, and finally apply the inverse operator L −1 to obtain the original solution. This method is similar to that used by Russian scholars 3) First, we apply the operator L to w(z) to get a reduced function.
The free surface condition becomes simple as
On the flat plate, we obtain the following condition using both boundary conditions (3) and (4) .
It should be noted here that this condition is merely a necessary condition since the expression (7) uses the two equivalent boundary conditions. It is necessary to return to the condition (3) or (4) later.
Also we write the expression (5) in the following form.
From this equation we can see that the singularity of the derivative (complex velocity) of w(z) is identical to the singularity of f (z). Next, we notice that if the (6) and (7) expressions are continuous at the top of the plate (x = y = 0), we have.
We call the solution w R (z) which satisfies this condition as a regular solution, and we will find this solution first. This condition means that the streamline flowing at the position of 1/ν under the water surface of the infinite upstream reaches the surface of the flat plate. Then, the condition (7) is given by
Now we know that a regular solution satisfying the condition (6) and equation (10) can be given by the following expression from the knowledge of theory of complex function 4) .
The branch line of the root is assumed to be x = 0, |y| < a. Here, f 0 (z) satisfies a homogeneous condition for the condition (10), so C 1 can be an arbitrary real constant. This constant needs to be determined later so as to satisfy the original boundary condition (3) or (4) as described above. F 1 (z) is regular all over the plane including the origin. f 0 (z) is regular on the lower half plane including the origin except that it has the singularity 1/ √ z + ai of the complex velocity at the edge of the flat plate (z = −ai) . In Ursell's problem, fortunately there exists only an indefinite real constant instead of this homogeneous solution and the problem becomes simplified. Fig.2 plots the real part of F 1 (z) three dimensionally. We can see that the value takes 0 on the x axis and −y in the region of −a < y < a on y axis. Fig.3 shows a three-dimensional plot of the real part of the f 0 (z) function. The values are 0 on the x axis and in −a < y < a on the y axis.
We express the above functions in integral form including Bessel functions to make the L −1 operator work on them. We also introduce f 2 (z).
Fig . 1 Co-ordinate system.
These are Laplace transformations of Bessel functions. The double-sign corresponds to x ≷ 0. The expression (12) becomes the following from the definition.
By the way, there is the following relationship. This function appears in Ursell's method.
Similarly as the relation of equation (5?jthe complex potentials corresponding to F 1 (z), f 0 (z) and f 2 (z) are given by W 1 (z), w 0 (z) and w 2 (z), respectively.
Then, regular solution w R (z) can be written as follows.
If w 0 (z), w 2 (z) can be obtained, the solution w R (z) can be found immediately from the above equation. Let's first find w 0 (z) from f 0 (z). We transform f 0 (z) keeping in mind that we are thinking in the area of y < 0. We move the integration path onto the positive and negative imaginary axis corresponding to the positive and negative of x.
Here, if we convert the variable k = ±it, we get: Now, we are ready to apply L −1 .
where I 0 and I 2 below are modified Bessel functions. Again, we move the integration path on the negative and positive imaginary axis according to positive and negative of the sign of x. Then, it is necessary to note that when x < 0, a residue term occurs at t = ν. We decompose w 0 (z) into the sum of the local wave component w 0 L (z) and the free wave component w 0 F (z).
Furthermore, if we convert the variable t = ∓ik and return it to the original variable, we get the following local wave component.
The free wave term obtained from the residue term is as follows.
We can find the w 2 (z) function by performing the same operation.
We decompose the integrand of the expression (24), (27) into the real and the imaginary parts as follows.
The form of the above expression would be convenient to integrate the function (24), (27) numerically. In the numerical example shown in this thesis, the above expression is used, and, by the adaptive numerical integration method (Quanc8) 5) , the direct numerical integration is almost successful except in the neighborhood of x = 0. For x = 0, the some analytical forms are shown in the appendix in the form obtained by further decomposing the above formula.
Since the form of the solution has been determined above, we must return again to the boundary condition (3) or (4) on the flat plate. In this case, it is convenient to use a stream function, that is, an expression (4) in which the value of the equation (9) is substituted. That is, at x = 0 the expression (19) must satisfy the following.
According to the appendix, we use the modified Bessel function at x = 0, −a ≦ y ≦ 0 to obtain
From the above, we obtain the following result.
We substitute the expressions (23-25) and (26-28) into the equation (19) and give the constant by (33). Then, analytical representation of the regular solution w R (z) is obtained. In the flow represented by the regular solution, the wave resistance acting on the flat plate can be analytically obtained as follows. The free wave is represented as follows.
Therefore, the wave resistance R W can be expressed by
Examples of numerically calculated streamlines and equipotential lines are shown in Fig.4 and Fig.5 . The horizontal axis and the vertical axis indicate x/a, y/a, respectively, and the flat plate is located at x = 0, y/a > −1. Spacings of streamlines and equipotential lines (∆Ψ, ∆Φ) are both 0.2Ua for x > 0 and 0.4Ua for x < 0. (This also applies to Fig.7-11 in the following sections.) It is understood that the boundary condition on the flat plate is satisfied. The broken line shows the wave height (the value of 1/10). It is the characteristic of the flow that there is a strong circulating flow (reverse flow) around the flat plate. A branch point of the flow (or a stagnation point) is recognized obliquely downward in front of the flat plate. This flow approximates the flow when a strong circulation is added to the flow around a circular cross section in the infinite flow. It is mainly due to that the linear solution deviates from its assumption near the intersection of the flat plate and the water surface. 
2 Weak singular solution
In the previous section, the equation (10) was used as the boundary condition of the reduced function. In this section we shall find a reduced function that can take any value as Ψ H of the equation (7).
This reduced function shall satisfy the equation (6) and the following normalized condition.
Re{ f h (z)} = 1 on x = 0, −a < y < 0.
(36)
In the problem dealt with in this thesis, the solution is uniquely determined only for the regular solution got in the previous section. However, it has been shown that there is a special solution if it allows the flow velocity to have a logarithmic singularity (weak singularity) at the intersection of the object and the water surface 6) . Therefore, the following is adopted as a reduced function satisfying the condition (36).
The above expression has the following singularity at z = 0. A three-dimensional plot of the real part of the reduced function f h (z) is shown in Fig.6 . It becomes 0 on the x axis, and it becomes the following on the y axis.
The expression (37) can be written with the following integral.
Since the integrand of this equation can be expressed by Laplace transformation, it can be expressed as follows by integration.
The JH function in the above expression is abbreviation of the following expression.
Here, H 0,1 and L 0,1 appearing below are Struve functions. The inverse transformation of the reduced function is set as the following and it is set as the sum of the local wave component and the free wave component.
When the same operation as in the previous section is performed, the following is obtained.
where
The solution thus obtained does not satisfy the boundary condition on the flat plate.
Im{w h (iy)} = Const..
As with the W 1 (z) function in the previous section, we need to add a homogeneous solution w 0 (z).
The imaginary part of w h 0 (z) is of the following form in the range of x = 0, −a ≦ y ≦ a.
Also, since the imaginary part of w 0 (z) is an expression(31), it is as follows.
At this time it certainly fulfills the following boundary condition on the flat plate.
Since the analytic value of the constant T h 0 is unknown, it is necessary to obtain it numerically. The velocity of the solution w h 0 (z) obtained here has a logarithmically weak singularity at the origin. The function multiplied by a constant is also a solution. We call this solution a weak singular (homogeneous) solution.
The function which is the sum of this weakly singular solution and the regular solution of the previous section is written as follows.
w
Then, the value of the stream function of this function on the flat plate becomes the following expression from the equations (9) and (51).
Conversely, if we want to give gPsi H you can do as follows.
The free waveform is as follows.
Then we have
The wave resistance is written as follows.
Let's first set C = 1. Then, Ψ H = 0. Let's call this flow zerovertical-flux flow because it means that the flow rate flowing out of the system from the water surface (y = 0) in the upstream of the flat plate becomes 0. Examples of streamlines of this flow are shown in Fig.7 and Fig.8 . It is understood that the streamline passing through the infinite upstream water surface reaches the flat plate surface. There is no strong circulating flow around the flat plate seen in regular solution. From the flow of analytic continuation to y > 0 near the origin, we can see the weak singularity mentioned above. The wave height indicated by the broken line is 0 at the origin.
Next, set the value of C as follows
From the expression (52), the term of w 0 (z) (accordingly, the flow singularity going around the lower end of the flat plate) disappears and the solution satisfying the Kutta condition at the lower end is obtained. At this time, the value of the stream function on the flat plate becomes the following and the boundary condition is satisfied.
The streamline of this flow is shown in Fig.9 . The streamlines near the lower end of the flat plate of this flow are shown in Fig.10 . No flow that goes around the lower end can be seen. Some irregularities in streamlines and equipotential lines observed near the lower part of the flat plate is due to the fact that the accuracy of numerical integration is not good in the vicinity of x = 0. We can also make a solution that the free wave height(55) is 0. The streamline of this wave-free flow is shown in Fig.11 . The flow is totally symmetrical with respect to y-axis.
For convenience of understanding, the relation in the equation (54) is shown in Fig.12 Translation of this section is omitted.
Conclusions
As a result of examining the representation of the complex potential for the flow around the semi-submerged flat plate in the two-dimensional uniform flow, the following conclusions were obtained.
1. As for the regular solution the following form of analytical representation was obtained for the perturbed complex potential. w R (z) = − 1 2 νa[w 2 (z) + C ′ 1 w 0 (z)]. 2. We showed that there is a homogenous solution w h (z) with weak singularity at the intersection of the flat plate and still water surface (x=y=0) and obtained its analytical representation.
3. By adding homogeneous solutions multiplied by arbitrary constants to the regular solution, various flows can be made and analytical formulas of the wave making resistance of the flows are obtained.
4. It is highly likely that the analytical solution obtained by Bessho-Mizuno (1962) 2) does not satisfy exactly the boundary condition on the flat plate.
